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with joy that is unacclaimed. 
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Abstract 
 
 
The Laser Interferometer Space Antenna, (LISA), is a joint ESA/NASA space 
mission intended to detect and measure gravitational waves throughout the 
universe such as those generated by massive black holes.   
The measurement bandwidth over which LISA operates will be the low frequency 
band that goes from 0.1 mHz to 1 Hz.  This is provided by laser metrology that 
measures distance fluctuations between proof masses aboard three spacecraft 
when a gravitational wave disturbs the space-time field between them.  The three 
spacecraft are arranged in an equilateral triangle forming the arms of a giant 
Michelson interferometer. 
Each spacecraft has two incoming and two outgoing laser beams for a total of six 
laser links.  These links are established sequentially at the start of the mission, and 
the spacecraft control systems must aim their lasers at each other with very small 
pointing motions. 
A mathematical description of the controller algorithm design on LISA, during the 
Constellation Acquisition Phase, is developed in order to achieve the 
aforementioned results.  This implies possible executed considerations on 
concepts, i.e. the Lorentz transformation, based on the two famous postulates of 
the Special Relativity Theory. 
In particular, it is demonstrated that these transformations can be neglected, 
considering the passage between two reference frames referred to different 
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spacecraft, because of the velocities involved and the approximations made on the 
spacecraft motion described in the calculation algorithm. 
This work concentrates on the drawing up of the guidance algorithm in order to 
establish the six aforementioned links. It also focuses on the different strategies 
used for the attitude correction of the spacecraft.  To verify the accuracy of the 
considered relations and approximations, the guidance algorithm is consequently 
implemented in a simulator. 
The results obtained, besides satisfying the project requirements, ensured the 
establishment of the links necessary to complete the Acquisition Constellation 
Phase. 
 
 
 
 
 
 
Acknowledgments 
 
                                                                                                                             III 
 
 
 
 
 
 
Acknowledgments 
 
 
This thesis is the result of my seven-month stage at EADS Astrium GmbH, Future 
missions and Instruments, Friedrichshafen, Germany.  First of all my sincerest 
thanks go to Professor Giovanni Mengali and engineer Stefano Lucarelli for 
having given me the opportunity to experience the stimulating and competitive 
environment present at Astrium where I have the pleasure to work for Peter Gath.  
Peter was the person who guided me through my work and encouraged me to 
realize my potential be more assertive and never stop looking for answers.  My 
months there were without a doubt a period of intense personal and professional 
growth and for this I’ll always be grateful to him.  I cannot fail to mention and 
thank all the members of the D-FACS team and the others who I met and worked 
with at Astrium for their availability and friendship. 
 
In addition, I cannot forget those people who supported me and who have always 
stood by me during my university years.  Thanks dad for always being there 
bombarding me with your phone calls, in particular when I was in Germany, even 
though I never answered.  Thanks for having always shown me the other side of 
the coin.  For you “Mai” I don’t have any words, anyway thanks for all and thanks 
for having always believed in me, specially at the beginning of this experience 
when I could not imagine that a day I would have made it.  I’ll never forget it.  
Thanks Giacomo for everything you did for me during these years, specially for 
your frequent visits during the first years which kept me going.  I doubt I would 
Acknowledgments 
 
                                                                                                                             IV 
be here today if it hadn’t been for….  For the tagliate at Bruno’s, for the pizza at 
Vecchio Dado, for always making me laugh.  To my brother, for his ability to help 
me put things in perspective and lighten up during our “numerous” phonecalls, I 
love you.  To you nonna “Filo”, you know way.  Thanks to my studying 
companion Marianna for being a friend always present during these years.  I will 
always remember you as having been an integral part of my life in these years 
made up of all-nighters before exams, sacrifices, tears and through friendship and 
good times 
 
To all my fiends from home who always kept in touch and to my “P.U.S.G” mates 
who have always put up with me. 
 
 
 
 
      
Acronyms 
 
                                                                                                                             V 
 
 
 
 
 
 
Acronyms 
 
 
AOCS         Attitude and Orbit Control System 
AU          Astronomical Unit 
B           Body Fixed Satellite Frame 
CCD         Charge-Coupled Device 
DFACS        Drag Free Attitude Control System 
EADS         European Aeronautic Defence and Space Company 
ESA         European Space Agency 
FoV          Field-of-View 
IAU          International Astronomical Union 
ICRF         International Celestial Reference Frame 
IS          Inertial System 
JD          Julian Date 
LIGO         Laser Interferometer Gravitational-Wave Observatory 
LISA         Laser Interferometer Space Antenna 
LISA PF        LISA Pathfinder 
LTP          Lisa Technology Package 
NASA         National Aeronautics and Space Administration 
OB          Optical Bench 
ORO         Optical Read-Out 
PAA         Point Ahead Angle 
QPD         Quadrant Photodiode 
Acronyms 
 
                                                                                                                             VI 
S/C          Spacecraft 
STR         Star Tracker  
T           Telescope Reference Frame 
 
 
Contents 
 
                                                                                                                             VII 
 
 
 
 
 
 
Contents 
 
 
I  Introduction                        1 
 
1  Introduction                         2 
  1.1  Gravitational Waves . . . . . . . . . . . . . . . . . . . 2 
  1.2  Lisa Project . . . . . . . . . . . . . . . . . . . . . . 4 
  1.3  Contributions of this Work . . . . . . . . . . . . . . . . 6 
  1.4  Outline of the Thesis  . . . . . . . . . . . . . . . . . . 7 
 
2  Optical Design                        8 
  2.1  Optical System . . . . . . . . . . . . . . . . . . . . . 8 
  2.2  Optical Bench . . . . . . . . . . . . . . . . . . . . . 10 
     2.1.1  Point-Ahead Angle Actuator . . . . . . . . . . . 12 
     2.1.2  Gravity Reference Sensor . . . . . . . . . . . . . 12 
     2.1.3  Charge Coupled Design . . . . . . . . . . . . . 13 
     2.1.4  Quadrant Photodiode for Science Interferometer . . . 13 
  2.3  Telescope . . . . . . . . . . . . . . . . . . . . . . . 14 
  2.4  Star Tracker . . . . . . . . . . . . . . . . . . . . . . 15 
 
 
 
Contents 
 
                                                                                                                             VIII 
3  Coordinate Frames and Attitude Definition         16 
3.1 Motionless Inertial Coordinate Frame and Moving Inertial Reference 
Frame . . . . . . . . . . . . . . . . . . . . . . . . . . 16 
  3.2  Galileo and Lorentz Transformation . . . . . . . . . . . . 18 
  3.3  Small Velocities Limit . . . . . . . . . . . . . . . . . . 21 
  3.4  Reference Frames and Attitude . . . . . . . . . . . . . . 23 
  3.5  Coordinate Transformations . . . . . . . . . . . . . . . 25 
 
 
II  Constellation Acquisition               28 
 
4  Constellation Acquisition Phase Description        29 
  4.1  Constellation Acquisition Phase Sequence  . . . . . . . . . 29 
     4.1.1  Calibration Phase . . . . . . . . . . . . . . . . 30 
     4.1.2  Signal Acquisition on CCD . . . . . . . . . . . . 30 
     4.1.3  Signal Acquisition on Quadrant Photodiode . . . . . 35 
     4.1.4  Acquisition of the Remaining Arms . . . . . . . . 36 
 
5  Constellation Acquisition Algorithm Description      37 
  5.1  Linear Uniform and Circular Uniform Motions . . . . . . . . 37 
  5.2  Light Travel Time . . . . . . . . . . . . . . . . . . . . 39 
  5.3  Computation of the Reference Directions . . . . . . . . . . 41 
  5.4  Point-Ahead Angle . . . . . . . . . . . . . . . . . . . 43 
  5.5  Scanning Law . . . . . . . . . . . . . . . . . . . . . 45 
     5.5.1  Scan with Uniform Tangential Velocity . . . . . . . 46 
  5.6  Attitude Correction . . . . . . . . . . . . . . . . . . . 48 
     5.6.1  1st Method . . . . . . . . . . . . . . . . . . . 49 
     5.6.2  2nd Method (Variation of the 1st Method) . . . . . . 51 
     5.6.3  3rd Method . . . . . . . . . . . . . . . . . . . 52 
     5.6.4  4th Method . . . . . . . . . . . . . . . . . . . 56 
 
6  Physical Arm Model Description              58 
  6.1  Physical Variables . . . . . . . . . . . . . . . . . . . . 58 
Contents 
 
                                                                                                                             IX 
  6.2  Light Travel Time . . . . . . . . . . . . . . . . . . . . 59 
  6.3  Interpolation . . . . . . . . . . . . . . . . . . . . . . 60 
 
 
III  Simulation Model                    63 
 
7  Simulator Description and Results             64 
  7.1  Simulator Layout . . . . . . . . . . . . . . . . . . . . 64 
     7.1.1  Environment . . . . . . . . . . . . . . . . . . 68 
     7.1.2  Sensor Model . . . . . . . . . . . . . . . . . . 68 
     7.1.3  Algorithmic Model . . . . . . . . . . . . . . . 68 
     7.1.4  Spacecraft’s Dynamic . . . . . . . . . . . . . . 72 
     7.1.5  Spacecraft’s Arm . . . . . . . . . . . . . . . . 72 
  7.2  Simulator Configurations and Results . . . . . . . . . . . . 73 
     7.2.1  Basic Configuration . . . . . . . . . . . . . . . 73 
     7.2.2  Scanning Configuration . . . . . . . . . . . . . 78 
     7.2.3  Changing Orbits Configurations . . . . . . . . . . 80 
 
8  Summary and Outlook                   86 
  8.1  Conclusions . . . . . . . . . . . . . . . . . . . . . . 86 
  8.2  Future Improvements . . . . . . . . . . . . . . . . . . 87 
 
 
List of Figures 
 
                                                                                                                             X 
 
 
 
 
 
 
List of Figures 
 
 
1.1-1  Sky as viewed by gravitational waves . . . . . . . . . . . . . . 3 
1.1-2  LISA and LIGO comparison . . . . . . . . . . . . . . . . . 4 
1.2-1  LISA constellation geometry . . . . . . . . . . . . . . . . . 5 
1.2-2  LISA configuration . . . . . . . . . . . . . . . . . . . . . 6 
2.1-1  LISA major payload (cylindrical walls absent) . . . . . . . . . 10 
2.2-1  Optical bench layout . . . . . . . . . . . . . . . . . . . . 12 
2.2-2  Principle of polarization heterodyne interferometry . . . . . . . 13 
2.2-3  LISA PF LTP electrode configuration . . . . . . . . . . . . 14 
2.3-1  Cassegrain telescope: 3D-view . . . . . . . . . . . . . . . 16 
2.3-2  Telescope subsystem assembly . . . . . . . . . . . . . . . 17 
2.4-1  Star tracker configuration and field-of-view . . . . . . . . . . 17 
3.1-1  J2000 coordinate frame . . . . . . . . . . . . . . . . . . 19 
3.2-1  Motionless (S) and moving (S’) inertial frames . . . . . . . . . 21 
3.3-1  Motionless (S) and moving (S’) inertial frames . . . . . . . . . 24 
3.4-1  Definition of the spacecraft body frame . . . . . . . . . . . . 27 
3.4-2  Definition of the telescope body frame . . . . . . . . . . . . 27 
3.5-1  Orientation of the Telescope frame w.r.t. the Body frame . . . . 28 
4.1-1  Illustration of telescope line-of-sight calibration process      32 
4.1-2  Active scanning of the uncertainty cone             33 
4.1-3  SC1 scans, SC2 is waiting for a signal              34 
4.1-4  SC1 scans, SC2 detects a signal                34 
List of Figures 
 
                                                                                                                             XI 
4.1-5  Signal detection on the CCD of SC2               35 
4.1-6  SC1 continues scanning after SC2 has performed the attitude correction
                                 35 
4.1-7  SC1 still performs the scanning, SC2 turns on the laser beam    36 
4.1-8  SC1 detects the signal from SC2                36 
4.1-9  Attitude fine acquisition                   37 
5.1-1  Circular and linear trajectories                 40 
5.1-2  Error between the two analyzing orbits             41 
5.2-1  Relative motion in inertial frame                43 
5.3-1  Geometry for send and receive direction between SC1 and SC2   45 
5.4-1  Point-ahead angle representation                46 
5.4-2  Definition of the reference plane and coordinate frame for in-plane and 
out-of-plane point-ahead angles                    47 
5.5-1  Different strategies relative to the scanning phase         48 
5.5-2  Archimedean spiral                     48 
5.5-3  Laser beam spiralling into the uncertainty cone (second behaviour) 50 
5.6-1  Incoming and outgoing laser signals on one arm         52 
5.6-2  Incoming and outgoing laser signals on one arm         54 
5.6-3  PAA and physical incoming signals representation for both arms of the 
S/C                                55 
5.6-4  Representation of the new plane of normal n (to be calculated)   55 
5.6-5  Vectors involved in the attitude correction (Arm 1)        57 
5.6-6  Orientation of the “reference” frame (blue) w.r.t. the “physical” one 
(red) (Arm 1)                            57 
5.6-7  Graphic representation of the fourth method           59 
6.2-1  Arm model                         62 
6.3-1  Instants involved in the discussing interpolation concept      63 
6.3-2  Interpolating points                     64 
7.1-1  Simulator layout                      69 
7.1-2  Main blocks present on each spacecraft             72 
7.1-3  Algorithmic model block representation            74 
7.1-4  Algorithm block representation                75 
7.1-5  Attitude block representation                 77 
7.2-1  PAA on both S/C1 arms                   80 
List of Figures 
 
                                                                                                                             XII 
7.2-2  PAA on both S/C2 arms                   81 
7.2-3  PAA on both S/C3 arms                   81 
7.2-4  Sensor field of view for both S/C1 arms (attitude correction absent) 82 
7.2-5  Sensor field of view for both S/C2 arms (attitude correction absent) 83 
7.2-6  Sensor field of view for both S/C3 arms (attitude correction absent) 83 
7.2-7  Sensor field of view for both S/C1 arms (scanning on, attitude correction 
absent)                              85 
7.2-8  Sensor field of view for both S/C2 arms (scanning on, attitude correction 
absent)                              85 
7.2-9  Sensor field of view for both S/C3 arms (scanning on, attitude correction 
absent)                              86 
7.2-10  Real values on both S/C1 arms                87 
7.2-11  Real values on both S/C2 arms                88 
7.2-12  Real values on both S/C3 arms                89 
7.2-13  Sensor field of view for both S/C1 arms (attitude correction included) 
                                 90 
7.2-14  Sensor field of view for both S/C2 arms (attitude correction included) 
                                 90 
7.2-15  Sensor field of view for both S/C3 arms (attitude correction included) 
                                 91 
7.2-16  Overall picture showing the treated work            92 
 
  
 
 
 
 
 
Part I 
Introduction 
 
Introduction 
 
                                                                                                                                2 
 
 
 
 
 
 
Chapter 1 
 
 
1. Introduction 
 
The following is an introductive description of the main goals and problems 
connected with the Laser Interferometer Space Antenna (LISA) project in order to 
have a clearer understanding of the background of this work. 
 
 
1.1 Gravitational Waves 
 
The Laser Interferometer Space Antenna project is a space-based gravitational 
wave observatory, which will test Einstein’s Theory of General Relativity.  It will 
detect waves generated by binaries within our Galaxy, the Milky Way and by 
massive black holes in distant galaxies (Figure 1.1-1). 
Gravitational waves, as predicted by Einstein, are space-time distortions, 
generated from accelerated or disturbed massive celestial bodies, becoming 
weaker the further they travel.  This means that there are changes in terms of 
distance between points of space-time, and the size of the change is proportional 
to the distance between the points. 
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Figure 1.1-1: Sky as viewed by gravitational waves, [13]. 
 
The most predictable and powerful sources of gravitational waves emit their 
radiation at very low frequencies, below 10 millihertz, although some of the 
sources are detectable at higher frequency bands.  Waves of different frequencies 
are caused by different motions of mass.  Differences in the phases of the waves 
allow the calculation of the source direction and the motion of the matter that 
generated them. 
All the observations that LISA will make, will be in a low-frequency band that 
ground-based detectors, like LIGO, cannot detect because of the environmental 
noise that affects them on Earth’s surface (Figure 1.1-2).  However this difference 
in frequency bands makes LISA and the ground detectors, complementary in 
detecting space-time distortions.  LISA will observe binaries thousands of years 
before they collide and ground detectors will observe them just before they 
collide. 
Although the detection of gravitational waves is the main topic of the LISA 
project, it is not the only one; in fact, the space-based detector will observe signals 
from compact stars as they spiral into black holes and will even study the role of 
massive black holes in galaxy evolution.  The study of this entire phenomenon 
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may yield experimental tests of fundamental physical laws that cannot be made in 
any other way. 
 
 
Figure1.1-2: LISA and LIGO comparison, [13]. 
 
1.2 LISA Project 
 
The Laser Interferometer Space Antenna consists of three spacecraft arranged at 
the corners of an equilateral triangle, that are five million kilometres distant from 
each other in order to observe the frequency band of the more interesting sources.  
The center of the LISA triangle will follow the Earth’s orbit around the sun and it 
will be shifted 20 degrees behind it at an average distance of 1 AU from the sun 
(Figure 1.2-1).  This position is chosen to minimize effects of the changes, in the 
Earth’s gravitational field, on the spacecraft and, at the same time, to be 
sufficiently close to Earth for easy communication. 
Each spacecraft orbit will evolve under gravitational forces only for the expected 
mission duration of five years.  They will be elliptical and slanted with respect to 
each other and to the plane of the Earth orbit.  Moreover, they will minimize the 
changes in distance between the spacecraft to enable laser interferometry 
measurements between freely floating masses contained in each spacecraft. 
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In this context each spacecraft will also be subjected to internal and external 
disturbances. Internal disturbances, like interactions of the electrical fields 
generated by each computer of the spacecraft acting on the test masses, can be 
neutralized following them with an accuracy of 10 nanometers.  External 
disturbances, like the pressure from sunlight and the variable solar magnetic field, 
can be reduced by letting the spacecraft operate as a shield to protect the test 
masses. 
The Laser Interferometer Space Antenna spacecraft will be launched from a single 
Delta-IV rocket and injected into an Earth-escape trajectory.  Once separated, 
each spacecraft will be guided by an individual propulsion module to its own orbit 
that will be reached 13 months after launch.  At that point the three spacecraft, 
designed as short structural cylinders of 1.8 meters of diameter and 0.48 meters 
high, will be positioned at the corners of an equilateral triangle. 
 
Figure 1.2-1: LISA constellation geometry, [13]. 
 
The project is based on three major technologies: gravitational reference sensors, 
micronewton thrusters and laser interferometry.  To keep the test masses floating 
freely in space, the distance between the test masses and the surrounding 
spacecraft is monitored by the LISA gravitational reference sensor.  Moves from 
its nominal position allow the micro thrusters to fire and move the spacecraft back 
into its nominal position.  Due to the orbital motion of the three spacecraft, the 
LISA arm lengths are unequal and time-varying; as a consequence laser 
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interferometry measurements to detect gravitational waves cannot be made easily 
with the required precision. 
The three spacecraft form a giant Michelson interferometer.  Each spacecraft 
contains freely floating test masses that behave as mirrors reflecting the light back 
to the source spacecraft where it hits a detector causing an interference pattern of 
alternating bright and dark lines.  Pointing to directions separated by 60 degrees, 
laser beams are directed at the other two corners of the Lisa equal-sided triangle. 
 
Figure 1.2-2: LISA configuration, [13]. 
 
The two distant spacecraft detect the received light and transmit a new beam from 
each of their own onboard lasers back to the first spacecraft.  The phases of the 
outgoing and incoming laser beams are compared and differences in the phases 
are used to determine any changes in the separation between the test masses 
guiding the spacecraft. 
 
 
1.3 Contributions of this Work 
 
 The exact solution for the light travel time into the sent path, using relative 
quantities referred to the S/C motion, is established and solved. 
 The calculation algorithm based on the analytic relations needed to 
describe the various stages of the Acquisition Constellation Phase is 
implemented. 
Introduction 
 
                                                                                                                                7 
 The study demonstrates the use of Galileo transformations, neglecting the 
Lorentz ones, to pass from an inertial frame to another, supposedly 
referring to each S/C of the LISA Constellation. 
 A relation that controls the spiral motion of the laser beam during the 
scanning phase is developed.  An easy manipulation of the parameters that 
regulate its behaviour is realized. 
 The simulator of the attitude guidance required during the Acquisition 
Constellation Phase is built up. 
 The approximation which allows the consideration of a linear uniform 
motion instead of a circular one is demonstrated. 
 
 
1.4 Outline of the Thesis 
 
The first part is divided in three chapters in which an overview of the entire LISA 
mission and the basis of this work are given.  In particular, Chapter 1 talks about 
the main topics and targets of the LISA mission. 
Chapter 2 describes the optical design concentrating on the optical bench 
components and on the telescope. 
Chapter 3 discusses the coordinate frames used in this work also showing the 
necessary transformations needed to pass from one coordinate frame to another.  
It explains, moreover, the reasons why the Lorentz transformations are not taken 
into consideration. 
In the second part, Chapter 4 discusses all the stages included in the Acquisition 
Constellation Phase. 
Chapter 5 examines the algorithm calculations, and it demonstrates how the stages 
argued in Chapter 4 can be analytically expressed. 
Chapter 6 talks about the differences between the algorithmic and physical 
variables present in the algorithm calculations. 
Chapter 7, in the last part of the work, closely examines the simulator structure 
and discusses the simulation results. 
The last Chapter summarizes the work and proposes useful guidelines for further 
developments. 
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Chapter 2 
 
 
2. Optical Design 
 
In this chapter the main aspects of the LISA optical design are analysed. In 
particular, one of the three major technologies, on which the project is based, is 
discussed, i.e. laser interferometry; and the context in which the so-called Optical 
Bench (OB), important component in the sphere of the present work thesis, is 
placed.  Therefore, the way in which its components interact among one another, 
in order to reach the so-called acquisition phase, is described.  Certain topics, 
treated in this chapter, even though not objects of this work, are covered all the 
same with the use of information related to other documents [18], [19]. 
 
 
2.1 Optical System 
 
The Laser Interferometer Space Antenna spacecraft carry identical science 
instruments, protected from solar brightness by thermal shielding. Each of the 
spacecraft instruments is made up of two movable optical assemblies and lasers, 
mounted on a disk-shaped radiator, housed inside a Y-shaped tubular structure, 
which is supported by the spacecraft cylindrical walls (Figure 2.1-1). 
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Figure 2.1-1: LISA major payload (cylindrical walls absent), [7]. 
 
LISA uses interferometry to detect gravitational waves.  In particular, the main 
principle of measurement is based on a Strap-Down technology.  During Science 
Mode there are two interferometers working simultaneously on each OB, an 
important element which will be discussed later. 
The first is called science interferometer and with its Quadrant PhotoDiode 
(QPD), which is a particular photodiode, it measures the distance between the two 
OBs, i.e. the optical benches belonging to the same constellation arm.  The main 
laser beam, received by the receiving S/C, is associated to this first interferometer, 
regenerated in phase instead of being reflected, corrected by the Point Ahead 
Angle (PAA) actuator and sent back to the main S/C thanks to the use of certain 
elements. 
The second interferometer with its QPD constitutes the so-called Optical ReadOut 
(ORO) which is needed to measure the position of the proof mass w.r.t. the local 
OB.  Therefore, the distance between the two OBs and then, the distance between 
the OB and the Inertial System (IS) are measured separately, but not 
independently, thus obtaining the distance, along with the sensitive x direction, 
between the two ISs on an arm. The Strap-Down system foresees the separation 
between the two interferometers, in order to separate the subsystems involved in 
the science-measurement, i.e. Telescope and Gravity Reference Sensor (GRS). 
Moreover, the two aforementioned measurements are not independent because the 
ORO interferometer needs the main laser beam as a reference.  This is the reason 
why the ORO is missing during the Acquisition Phase. 
Optical Design 
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The study of this phase, in particular of the attitude guidance required during 
Acquisition, is the object of this work.  The target during this phase is to have a 
signal on the QPD.  During Acquisition three trim sensors are available, i.e. Star 
Tracker (STR), Charge-Coupled Device (CCD) and the QPD.  These sensors have 
respectively diminishing noise; for this reason it would be better to use the QPD 
as a trim sensor from the beginning of this phase which is not possible because it 
would need a continuous signal from the other S/C.  The CCD is an intermediate 
trim sensor that needs a signal from the other S/C to work, at the same time it has 
to have the local one turned off because the CCD is blind when the local laser is 
turned on.  Obviously when the signal is detected by the CCD the STR is turned 
off and when it is detected by the QPD, the CCD is off. 
 
 
2.2 Optical Bench 
 
In general, the optical bench is a piece of equipment used for experiments.  It is a 
long, straight, sturdy rail of steel onto which components such as light sources and 
lenses can be bolted down and easily shifted along the length of the rail.  The 
optical bench situated on the LISA S/C (Figure 2.2-1) 
 
Figure 2.2-1: Optical bench layout, [19]. 
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is a 45 mm thick Zerodur® [19] plate that includes the following major elements, 
later discussed, corresponding to those aforementioned: 
 Point-Ahead Angle actuator. 
 Gravity Reference Sensor. 
 Several mirrors, beam-splitters and lenses. 
 Optical bench detectors (acquisition CCD, QPD for science interferometer 
and QPD for proof mass metrology). 
 Optical proof-mass metrology for x, η and φ. 
 Science interferometer. 
The two interferometers situated on the optical bench are based on the principle of 
the heterodyne frequency (Figure 2.2-2). 
 
Figure 2.2-2: Principle of polarization heterodyne interferometry, [18]. 
 
In the heterodyne interferometry two laser beams with slightly different 
frequencies are involved, i.e. a reference beam and a measurement beam.  A first 
part of these two laser beams is given to a reference detector where they interfere.  
The second part is divided into other two laser beams: 
 The first, after changing polarity, goes to a reference retro-reflector and 
than is sent back to the measurement detector. 
 The second, after changing polarity, is sent to a target retro-reflector and 
then is sent back to the measurement detector where it interferes with the 
part of the laser beam coming from the retro-reflector reference. 
Through the detectors, the heterodyne frequency, which allows us to compute the 
sensitive measures, is obtained. 
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2.2.1 Point-Ahead Angle Actuator 
 
The Point Ahead Angle (PAA), discussed in Section 5.4, is a variable angle 
measured between the incoming and outgoing reference laser beams and depends 
on the time needed for laser light to travel the five million kilometre distance 
between the two opposite S/C.  For this reason, a dedicated mechanism, i.e. the 
PAA actuator, that implements the required variable PAA has to be located on the 
OB and has to steer the incoming beam according to the orbit evolution in order to 
achieve a proper alignment on the QPD.  To avoid long-term off-equilibrium 
positions of the proof-mass, this actuator is, in particular, designed for the 
accommodation of the seasonal out-of-plane point-ahead angle variation [19]. 
 
 
2.2.2 Gravity Reference Sensor  
 
The GRS measures the proof mass position while minimizing coupling to S/C 
motion.  It includes the proof mass and housing.  The proof mass is a cube of 
Gold-Platinum, which reduces the magnetically induced disturbance accelerations 
thanks to the very small magnetic susceptibility of this material.  Sensing 
electrodes on the walls of the vacuum enclosure measure the proof mass position 
by capacitance changes (Figure 2.2-3).  The yellow electrodes are the actuation 
electrodes in the sensitive axis.  The red electrodes are the actuation electrodes in 
the non-sensitive axis and the green electrodes are the injection electrodes.  
Injection electrodes in the z-axis are split into two smaller sets due to the large 
hole for the plungers of the caging mechanism [19]. 
 
 
Figure 2.2.-3: LISA PF LTP electrode configuration, [19]. 
Optical Design 
 
                                                                                                                                13 
2.2.3 Charge Coupled Design  
 
The CCD is an electronic device that is capable of transforming a light pattern, i.e. 
image, into an electric charge pattern, i.e. an electronic image.  The CCD consists 
of several individual elements which have the capability of collecting, storing and 
transporting electrical charge from one element to another.  Initial acquisition of 
the incoming laser beams from the remote S/C is accomplished with the help of 
this particular device, which is used to infer at the beginning the relative pointing 
of the S/C.  It has to provide a sufficient field of view to accommodate the initial 
pointing error, as well as a resolution compatible with the field of view of the 
science Quadrant PhotoDiode, which will take over for final fine positioning.  In 
the near infrared range, InGaAs is a mature material offering superior quantum 
efficiency.  Trading of the alternative CCD concepts should respect the actual 
availability of according sensors [19]. 
 
 
2.2.4 Quadrant Photo Diodes for Science Interferometer 
 
A QPD consists of four photodiodes arranged in four quadrants of a circular 
structure.  These photodiodes are electronically connected in quadrature to 
compare the intensity in each half of the beam, both horizontally and vertically.  
There is null signal from the quadrant photodiode when all four quadrants receive 
same amount of light.  In the case of the QPD situated on the OB of the LISA S/C, 
it assumes the trim control once a signal on the CCD is detected.  The field-of-
view of the QPD must be sufficiently large to comply with the resolution of the 
acquisition sensor and deal with any misalignment.  The main measurement will 
be carried out by using QPDs by means of differential wave front sensing.  
Differences for the LISA detection compared to the LTP are mainly driven by the 
Doppler shift and the related detector and laser intensity and/or frequency noise 
figures.  The main interferometer consists of a low intensity science beam beaten 
with a stronger fixed oscillator that has an intensity level of 1 mW.  Any back 
reflected light causes principally additional noise in terms of shot noise and/or 
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phase noise.  The derived requirement for the maximum back reflected intensity 
is, as a consequence, 10 µW on the active detector area [19]. 
 
 
2.3 Telescope 
 
The transmission and reception of laser signals between spacecraft, involve the 
use of two telescopes for each spacecraft.  The requirements [10] considered for 
the design of each of them are: 
 Aperture of 400 mm. 
 Sufficient field-of-view for PAA accommodation. 
 Phase stability, i.e. constant path length between the entrance and exit 
plane of telescope. 
 Symmetric far field wave front, in order to avoid introduction of phase 
jitter due to pointing jitter provide. 
 Collimated beam diameter of 5 mm. 
Based on these requirements, after an examination of different types of telescopes, 
a Cassegrain type was chosen as baseline (Figure 2.3-1). 
 
Figure 2.3-1: Cassegrain telescope: 3D-view, [19].  
 
This reflector is a combination of a primary concave and a secondary convex 
mirror, both aligned symmetrically around the optical axis.  The primary mirror 
usually contains a hole in the centre thus permitting the light to reach an eyepiece, 
a camera, or a light detector.  The primary mirror is of a parabolic type, while the 
secondary mirror is of a hyperbolic type.  Due to its wave front aberration which 
increases with the field angle, the Cassegrain telescope is mostly used for 
applications with smaller or medium-sized field of view.  The on-axis 
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performance of this telescope type is usually very good.  The mechanical design is 
illustrated in Figure 2.3-2. 
 
Figure 2.3-2: Telescope subsystem assembly, [19]. 
 
 
2.4 Star-Tracker 
 
The STR is a sensor with an intermediate field-of-view (FOV).  This is usually a 
small telescope mounted at a fixed angle on a rotating bearing.  Each LISA 
payload will include four STRs, with one pair aligned with each of the two 
telescopes.  Only two are nominally operational, the others serve as backups.  The 
star-tracker will be fully autonomous, and can tolerate direct Sunlight without 
damage. 
 
Figure 2.4-1: Star tracker configuration and field-of-view, [19]. 
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Chapter 3 
 
 
3. Coordinate Frames & Attitude Definition 
 
During the work it became necessary to define many reference frames, which 
referred to the spacecraft, in order to specify the spacecraft attitude with respect to 
a fixed coordinate frame and to simplify the calculation which is at the base of the 
guidance algorithm. 
Coordinate transformations are executed between the defined reference frames 
and, passing from one spacecraft to another; the possibility of considering the 
Lorentz transformations or the small velocities limit, i.e. Galileo transformations, 
is analysed. 
 
 
3.1 Motionless Inertial Coordinate Frame and Moving 
Inertial Reference Frame 
 
The coordinate frame to which each of the three spacecraft is referred is the one 
considered by the star-tracker system, i.e. the Heliocentric J2000 system.  The 
J2000 coordinate frame has its origin at the center of mass of the Earth.  The JX  
axis points towards the mean vernal equinox and JZ  points along the mean 
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rotation axis of the Earth on the st1  January 2000 at 12:00:00, which corresponds 
to the JD 2451545,0 [9]. 
The J2000 coordinate frame is equivalent to the International Celestial Reference 
Frame (ICRF), the fundamental celestial reference system adopted by the 
International Astronomical Union (IAU) for high precision position astronomy.  
The ICRF, with its origin at the solar system barycenter and “space fixed” axis 
directions, is meant to represent the most appropriate coordinate system for 
expressing reference data on the positions and motions of celestial objects [11]. 
 
Figure 3.1-1: J2000 coordinate frame, [9]. 
 
The Heliocentric J2000 coordinate frame is used to correct the planetary and 
secular aberration, i.e. an astronomical phenomena which produces an apparent 
motion of celestial objects attributed to the finite speed of light and the motion of 
Earth in its orbit around the Sun.  It has the same coordinate axes directions of the 
J2000 system, and the velocities relation [15] between the two coordinate frames 
is: 
EarthJ,EarthJ,helioJ,helioJ, )sat((sat)(Earth)(sat) RωVVV ×++=           (3.1.1) 
with 0=× EarthJ,)sat(Rω  because the Earth-Centred J2000 frame do no rotate 
w.r.t. the Heliocentric J2000 one, 0=ω .  Therefore, only the Earth velocity 
vector must be added to the satellites velocity vector expressed in the Earth-
Centred frame: 
EarthJ,helioJ,helioJ, (sat)(Earth)(sat) VVV +=                (3.1.2) 
The Earth velocity vector can be computed from the corresponding ephemeris 
data.  The origin of the Heliocentric J2000 system is the sun center.  Therefore, a 
XJ 
YJ 
ZJ 
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position vector given in the Earth-Centered J2000 system is converted to the 
Heliocentric J2000 [9] as: 
EarthJ,helioJ,helioJ, (sat)(Earth)(sat) RRR +=                (3.1.3) 
The Heliocentric J2000 coordinate frame can be considered as a motionless 
inertial coordinate frame; in addition, some reference frames referring to each of 
the three spacecraft have been defined.  They can be considered inertial since the 
S/C were supposed to be moving with a linear uniform motion during the above 
phase. 
At this point, it is legitimate to wonder about the space-time relations that have to 
be taken into account if two moving inertial reference frames, expressed w.r.t. two 
spacecraft belonging to the LISA constellation, are considered.  The possible 
answer is given by those relations obtained from the two postulates of the Special 
Relativity Theory, i.e. the Lorentz transformations [4]. 
The next paragraphs discuss these transformations and examine whether in the 
context of the two reference frames just treated, the small velocities limit can be 
applied obtaining, as a consequence, the Galileo transformations. 
 
 
3.2 Lorentz & Galileo Transformations  
 
Let us, for the moment, define the Lorentz transformations not negligible in the 
context represented by the three LISA constellation spacecraft. As a consequence, 
we can define both a motionless inertial reference frame S, supposed to be 
referred to a certain S/C, and an inertial reference frame S’, supposed to be 
referred to another S/C, moving with a velocity equal to the relative one between 
the two considered spacecraft. 
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Figure 3.2-1: Motionless (S) and moving (S’) inertial frames 
 
Considering in a first approximation that, the relative velocity between the two 
spacecraft taken into consideration is along the x axis direction of the two 
reference frame represented in (Figure 3.2-1), the space-time relations [14] that 
relates the two frames are: 
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

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−
=
c
v rel
                      (3.2.2) 
These are the Lorentz transformations and, as it can be seen, they are valid for 
velocities relv  of the moving inertial frame S
’
 which are not equal or greater than 
the light velocity c .  When cv rel →  the transformation is singular, i.e. the 
factor γ  became infinite.  To be more precise, for each couple of S/C belonging 
to the LISA constellation context, the following two points are valid: 
 The orientation of the moving inertial reference frame S’ is not equal to 
the motionless one S. 
S S’ 
O’ O 
x 
y y’ 
z’ z 
vrel 
x’ 
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 The relative velocity relv  has a generic direction which does not 
correspond to the x axis of the two frames. 
Including the two aforementioned points in the analysed model, after rotating the 
frame S’ in order to orient it in the same direction of the S frame, the following 
Lorentz transformations can be written to express the space-time relations 
between the two frames. 
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An important property of Lorentz transformation is the composition of velocities 
law related to the equation (3.2.3): 
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The Lorentz transformations introduce the relativity concept in quantities [3] 
which are usually considered absolute: 
 Space contraction 
 Time dilatation 
These two effects can be neglected only if the limit of small velocities relv  with 
respect to c  is valid, i.e. if 1γ = ; in this case the Lorentz transformations leads 
to Galileo transformations. 
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3.3 Small Velocities Limit 
 
The current paragraph explains the reason why in the studied context the limit of 
small velocities relv  with respect to c  is valid.  This approximation is 
explained in two points: 
 Calculation of γ  considering, in equation (3.2.2), the greater relative 
velocity relv  available within two S/C of the LISA Constellation. 
 Computation of the angular aberration, in a first approximation, between 
the two considered spacecraft. 
Before presenting these two points, the context in which all the aforementioned 
calculation will be implemented is specified.  Two of the three mass points 
representative of the satellites are considered.  The chosen couple of mass points, 
i.e. the one formed by S/C1 and S/C2, is representative of the case in which there 
is a greater contribution on the part of the relativistic effects, i.e. the case in which 
12rel vvv −=  is the higher value possible w.r.t. those of the remaining couples 
of S/C.  1v and 2v  are the velocities respectively of S/C1 and S/C2 w.r.t. the 
Heliocentric J2000 frame.  Two reference frames are referred to these two mass 
points.  Observing the movement of one mass point with respect to the other, a 
motionless inertial reference frame S and a moving one S’ with a velocity in 
module equal to relv  is seen.  This velocity is, supposed, oriented along the x 
axes of the two inertial reference frames: 
 
 
Figure 3.3-1: Motionless (S) and moving (S’) inertial frames 
S S’ 
O’ O 
x 
y y’ 
z’ z 
vrel 
x’ 
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What is discussed here is a very simple problem which does not differ 
substantially from the realistic one.  It is obvious that in the real case, the 
reference frames of none couple of spacecraft is oriented as seen in (Figure 3.3-1) 
with the relative velocity relv  directed along the x axis.  Therefore, the calculation 
of γ  will be: 
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The orbits of the spacecraft, combined with the very long arm length of the 
interferometer and the finite speed of light, give rise to an angle between the 
incoming beam and the direction of the beam to be transmitted to the counterpart 
spacecraft.  The computed PAA for the moving spacecraft, i.e. S/C2, is 
rad1026416PAA 6−⋅= .  without considering the angular aberration phenomenon. 
It is an astronomical phenomenon which produces an apparent motion of objects, 
which are displaced from their true position by an amount which depends upon 
the velocity of the observer relative to an inertial reference frame.  Using the 
following data: 
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The formula that includes the phenomenon in the consideration of the angle value 
[12] is: 
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Since the difference between the angles PAA and θ  is very small compared with 
the aforesaid requirements, the influence of the angular aberration phenomenon is 
negligible: 
rad105250896196411291θPAAθ 11−⋅=−=′ .            (3.3.3) 
Changing point of view, the influence of the angular aberration can be computed, 
for example, for the PAA of S/C2 referring, no longer w.r.t. S/C1 but referring to 
the Heliocentric J2000 frame.  In this way, the velocity value involved, relv , 
becomes greater.  Therefore, the relativistic effect, discussed in this paragraph, 
influences the considered parameter, PAA, less accurately compared to the first 
case.  Considering the velocity of S/C2 w.r.t. the Heliocentric J2000 frame, the 
velocity value, relv , considered is:  
s
km4529rel .=v  
With this velocity value, taken into account the angular aberration phenomenon, 
the value of the modified PAA considered before, becomes: 
rad102634566 61 −⋅=θ .......                     (3.3.4) 
The difference between the computed angle, 1θ , and the PAA, in this case, is 
equal to: 
rad104926215426506666θPAAθ 101'1 −⋅=−= .             (3.3.5) 
Although in the second case analyzed, things becomes worse w.r.t. the aforesaid 
requirements, it can be concluded that, with both the abovementioned values of 
relv , it is possible to consider the small velocities limit and as a consequence, 
Galileo transformations, neglecting the effects due to the Special Relativity. 
 
 
3.4 Reference Frames and Attitude  
 
A more detailed analysis of the moving inertial reference frames, referring to the 
spacecraft, treated in the above paragraphs is now discussed. 
Their orientation, chosen to simplify any analytical process and especially to 
define the spacecraft attitude is described. 
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The main inertial reference frame referring to each spacecraft is the Body Fixed 
Satellite Frame (B). It is the major reference system used in the AOCS (Attitude 
and Orbit Control System).  Its origin is at the centre of mass of the spacecraft.  
The x-axis points along the symmetry axis between the two LISA arms in their 
nominal 60 deg position, each assembly pointing in its nominal “0 degree” 
position.  The y-axis is perpendicular to the x-axis within the plane defined by 
line-of-sight of the two payload assemblies; the z-axis is perpendicular to this 
plane, pointing towards the solar array (Figure 3.4-1). 
 
 
Figure 3.4-1: Definition of the spacecraft body frame, [9]. 
 
A further important frame is the Telescope Reference Frame (T) whose origin is 
the vertex of the conical reflector surface of the main reflector.  The telescope x-
axis points from the origin towards the secondary mirror and defines the 
geometrical line-of-sight of the telescope.  The telescope z-axis is parallel to the 
upper spider arm of the M2 support in such a way that it is perpendicular to the 
optical bench, pointing towards the spacecraft’s solar panel in the overall 
assembly.  The y-axis augments the coordinate system to a right-handed 
coordinate system [9]. 
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Figure 3.4-2: Definition of the Telescope Reference Frame, [9]. 
 
 
3.5 Coordinate Transformations 
 
The definition of certain transformation matrices became necessary after fixing 
the aforementioned reference frames. 
In general, a matrix called BA,M  transforms a vector defined in the B system into 
one in the A system [16]. 
Due to the results of this work, the following transformation matrices are defined: 
 JhelioTelescope,M  transforms a vector defined in the Heliocentric J2000 
frame into one expressed in the Telescope frame. 
 TelescopeBody ,M  transforms a vector defined in the Telescope frame into 
one expressed in Body frame. 
At this point, the structure of the two matrices just mentioned is analyzed.  To 
better understand the treated topic that follows, a figure is shown. 
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Figure 3.5-1: Orientation of the Telescope frame w.r.t. the Body frame 
 
The first transformation matrix presents the following structure: 

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                           (3.5.1) 
where  
 ( )321 aaa ,,  are the components of 1R . 
 ( )321 bbb ,,  are the vector components given by the following product 
( )[ ] 121 RRR ×−× . 
 ( )321 ccc ,,  are the vector components resulting from the vectorial product 
( )[ ]21 RR −× . 
It is important to precise that the vectors 1R  and 2R  used for the calculation of 
the matrix transformation JhelioTelescope,M  are expressed w.r.t. the J2000 
Heliocentric frame.  It is preferred to define the matrix referring to the left 
spacecraft arm although it could be possible to define the one on the right arm. 
The second transformation matrix has the following structure: 
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where 
 ( )
6
acos 21
pi
−⋅=α RR . 
Coordinate Frames and Attitude Definition 
 
                                                                                                                                27 
These two matrices are important since not only do they facilitate the calculation 
made in the guidance algorithm, they also allow the computation of the 
quaternions through an algorithm supplied by the company.  Therefore, they allow 
us to obtain the Euler angles of the spacecrafts in order to have its complete 
orientation. 
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Chapter 4  
 
 
4. Constellation Acquisition Phase 
Description 
 
In this chapter a detailed description of the procedures succession during the 
acquisition phase is defined in order to better understand the events which are the 
focus of the present work.  Most of the issues and figures treated in this paragraph 
are taken from an EADS Astrium Technical Note [8] which is based exactly on 
the phase analyzed in this work.  The target of the acquisition phase is to elevate, 
establishing the three laser links between the spacecrafts, the entire LISA 
constellation to a science mode configuration which is only lacking some of the 
calibrations. 
 
 
4.1 Constellation Acquisition Phase Sequence 
 
The acquisition phase can be considered accomplished after the sequence of the 
following three events is completed for each couple of spacecraft: 
 Calibration phase through STRs. 
 Signal acquisition on CCD. 
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 Signal acquisition on QPD. 
These three sensors were already introduced in chapter two in order to give an 
overview of their functionality in the context of the analyzing phase and to 
describe their general features. 
 
 
4.1.1 Calibration Phase  
 
During this phase, a calibration of the telescope line-of-sight is performed by 
referencing it to one of the star-tracker heads.  This can easily be obtained by 
targeting it to a guide star. 
After this calibration is performed, the constant bias between the star-tracker and 
the telescope acquisition sensor can be eliminated. 
Sun vector
S/C rotation to find 
guidance star
STR and Telescope 
Line-of-Sight
 
Figure 4.1-1: Illustration of telescope line-of-sight calibration process, [8]. 
 
This phase was not object of study of the present work; nevertheless, “it can be 
ensured that, thanks to a small tilt around the By  axis of the spacecraft, a 
sufficient number of potential stars are available for this calibration process” at 
any time during the mission. 
 
 
4.1.2 Signal Acquisition on CCD 
 
This stage represents the initial part of the acquisition constellation and is 
described through different phases. 
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Here the CCD on the receiving spacecraft covers a certain part of the sky, defined 
as “uncertainty cone”, in a way that the signal from the sending spacecraft can be 
detected. 
In the following description, S/C1 represents the spacecraft which is actively 
performing the scanning (sending spacecraft), while S/C2 (receiving spacecraft) 
is waiting for a signal from S/C1. 
 
Phase 1: Sending Spacecraft Scans, No Signal on Receive Side.  
After the initial calibration is performed, S/C1 activates its laser beam and 
performs a scanning manoeuvre to cover the uncertainty cone of its target 
spacecraft (Figure 4.1-2).  The scanning starts from the uncertainty cone center 
and moves towards its outer boundary following a spiral proceeding. 
The uncertainty cone is dominated by the ground-based relative navigation 
accuracy.  The laser is switched off until the next scan position is reached. 
1 2
34
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Figure 4.1-2: Active scanning of the uncertainty cone, [8]. 
 
During the time in which SC2 does not receive any signal, it just maintains its 
attitude and stares into the corresponding reference direction (Figure 4.1-3) which 
is based on ground-provided navigation data. 
Ground has to provide the relative position of all three spacecraft with respect to 
each other as a function of time (Chebychev polynomial). 
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Figure 4.1-3: SC1 scans, SC2 is waiting for a signal, [8].  
 
Phase 2: Sending Spacecraft Scans, Signal on the Receive Side. 
At a certain point during the scanning, SC2 will detect a signal on its acquisition 
sensor (Figure 4.1-4). 
Field of View
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Laser off
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Figure 4.1-4: SC1 scans, SC2 detects a signal, [8]. 
 
The real position of the received laser signal will have an offset w.r.t. the expected 
computed reference position of the incoming laser beam on the acquisition sensor 
of S/C2, based on the ground-provided orbit data (Figure 4.1-5). 
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Figure 4.1-5: Signal detection on the CCD of SC2, [8]. 
 
Therefore, the attitude guidance law, that has to be performed by S/C2, must be 
corrected by applying the corresponding offset.  A simple linear offset is 
sufficient, i.e. the relative attitude correction can be approximated with a simple 
parallel shift constituted by a translation first in the yaw and then in the pitch 
direction. 
Once S/C2 corrects its attitude, it turns on its laser beam while S/C1 is still 
performing the scanning maneuver; it must be underlined that, the laser beam 
signal sent by S/C1 will be lost on the CCD of S/C2 while S/C1 will continue to 
perform the scanning (Figure 4.1-6). 
S/C 1
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Figure 4.1-6: SC1 continues scanning after SC2 has performed the attitude correction, [8]. 
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Phase 3: Signal on Sending and Receive Side. 
“This phase is characterized by the fact that S/C1 cannot detect the laser beam 
signal from S/C2, until it has turned off its own laser beam (Figure 4.1-7).  
Scanning law
S/C 2
S/C 1
Laser on
Laser on
 
Figure 4.1-7: SC1 still performs the scanning, SC2 turns on the laser beam, [8]. 
 
Once S/C1 turns off his laser beam (Figure 4.1-8), it can detect the laser beam 
signal from S/C2 on its acquisition detector (CCD). 
This will occur very quickly if the attitude correction of S/C2 does not take too 
long since the scanning pattern ensures that a particular scanning location remains 
in the field-of-view of S/C1 for several minutes. 
S/C 2
S/C 1
Field of View
Laser off
Laser o
n
 
Figure 4.1-8: SC1 detects the signal from SC2, [8]. 
 
As soon as S/C1 detects a signal from S/C2 on its CCD, it stops to perform the 
scanning maneuver and applies the necessary attitude correction to its on-board 
reference attitude.  It then steers its telescope to the updated reference direction 
and turns on its laser beam signal again (Figure 4.1-9)”. 
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S/C 2
S/C 1
(PAA not shown)
 
Figure 4.1-9: Attitude fine acquisition, [8]. 
 
Phase 4: Signal Fine Acquisition. 
“With the aim of carrying out a fine-acquisition of the signal laser beam on the 
CCD, it is necessary that both spacecraft, i.e. S/C1 and S/C2, perform their 
attitude control based on the readout of the CCD.  Since this sensor is blinded 
when the local laser beam is turned on, a laser on/off pattern must be implemented 
to ensure that S/C1 and S/C2 have the frequent opportunity to detect the laser 
beam signal of the other spacecraft.  This must be guaranteed by assigning 
appropriate on/off patterns to each spacecraft until a synchronization of the whole 
constellation with accurate arm-length measurements can be performed. 
The goal of this procedure is to have the incoming laser beam always on its 
required reference position on the CCD of the receiving spacecraft so that a 
frequency scan can be performed on the QPD”. 
 
 
4.1.3 Signal Acquisition on Quadrant Photodiode 
 
“The resolution of the acquisition detector CCD must be sufficient in such a way 
that an attitude can be obtained where the incoming laser beam is in the field of 
view of the QPD”. 
 
Phase 5: Frequency Scan on the Receive Side. 
“In order to obtain a signal on the QPD, the PAA mechanics must be commanded 
into its required reference position.  It is expected that this can be done with 
sufficient accuracy without any additional calibration effort.  S/C2 then performs 
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a frequency scan by changing the frequency of its local laser beam in order to 
detect an interference signal on the QPD.  This can only be done when the local 
laser beam is turned on and the light from SC1 is received. 
As soon as the interference signal is be detected, the QPD can be used as an 
attitude sensor.  However, the local laser must still be turned on/off until S/C1 has 
successfully found a signal on its QPD as well.” 
 
Phase 6: Frequency Scan on the Sending Side. 
“Since the Doppler shift between the two spacecraft is fairly accurately known in 
the framework of the ground-provided navigation data, S/C1 should be able to 
detect a signal on the QPD as soon as S/C2 has also found the correct frequency.” 
 
Phase 7: Fine Acquisition 
“After both spacecraft have found a signal on their respective QPD, the data 
transmission between the two spacecraft can also be activated.  By using this 
optical data link, S/C1 can send a message to S/C2 that it has acquired the signal 
on the QPD and vice versa, so that both spacecraft can start to continuously 
operate their laser beams”. 
 
4.1.4 Acquisition of the Remaining Arms 
The signal acquisition on the second and the third arm is in principle the same; the 
only difference is in the fact that high-accuracy attitude knowledge is already 
available for one direction. 
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Chapter 5 
 
 
5. Constellation Acquisition Algorithm 
Description 
 
A detailed description of the equations, which is at the base of the aforesaid 
different stages, is important in order to better understand any eventual bonds, 
worthy of interest, and the possible approximations to be taken into consideration 
in the study of the Constellation Acquisition Phase.  The analytic relations 
expressed in this chapter focus on just one couple of spacecraft belonging to the 
LISA Constellation, in particular to the one formed by the S/C1 (sending 
spacecraft) and the S/C2 (receiving spacecraft). 
 
 
5.1 Linear Uniform and Circular Uniform Motions 
 
In its orbital motion, the LISA constellation follows the Earth’s.  Therefore, the 
real orbit traced by each of the three spacecraft corresponds to a slightly eccentric 
ellipse, e=0.01675 [16].  Thanks to this small eccentricity value of the real orbit, 
it is led back to a circular orbit.  Moreover, the S/C motion is approximated to a 
uniform circular one, as is usually done for the Earth revolution motion.  It is, now 
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questionable if the short duration of the Acquisition Phase w.r.t. the orbit’s period 
allows the examination of a linear uniform motion for each S/C.  The analysis 
takes into account S/C2 since it represents the more conservative case because of 
its faster velocity w.r.t. the other S/C.  This satellite is considered a mass point.  If 
the analysis is demonstrated for S/C2, it can be generalized for the other S/C.  The 
analyzing mass point crosses the two aforementioned trajectories represented in 
the following figure, one at a time:  
θ
 
Figure 5.1-1: Circular and linear trajectories 
 
Therefore, considering: 





=θ
=
ω=θ
;
;
;
0
0t
t
0
0                              (5.1.1) 
the equations of the circular uniform motion are: 



ω⋅=θ⋅=
ω⋅=θ⋅=
;sinsin
;coscos
tRRy
tRRx
P
P
                     (5.1.2) 
and the equations of the linear uniform motion are: 



ω=
=
;
;
tRy
Rx
                            (5.1.3) 
The error made from the mass point in crossing, with a constant velocity, the 
linear trajectory instead of being circular is: 
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Figure 5.1-2: Error between the two analyzing orbits  
 
The value of the tolerable maximum error in order to obtain the maximum value 
of the time until the approximation is valid is now imposed.  Once the maximum 
time is reached, it will be necessary to re-establish the linear trajectory starting 
from a new position of the circular one.  The tolerable maximum error in terms of 
distance is chosen w.r.t. the CCD field-of-view size, rad155µ , expressed in 
kilometres, km775 .  Considering this maximum error, a maximum time 
approximately equal to 14 hours is obtained (Figure 5.1-2).  Therefore the S/C 
will drift out of the CCD FoV after 14 hours without doing anything.  This is not a 
problem in practice since we will use a much better approximation for the orbits 
(usually, Chebychev polynomials are uploaded from ground).  The linearization is 
only important over a bit more than a minute since it is used as an underlying 
assumption when computing the line-of sight and PAA, concepts later analysed. 
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5.2 Light Travel-Time 
 
Each spacecraft of the LISA Constellation sends a signal to another one in order 
to establish an optical data link. In this way, both spacecraft can start to 
continuously operate their laser beams; these take several seconds, to reach the 
target, since they have to cover the relative distance of the spacecraft, ca. 5000000 
km, even though they travel at the speed of light. 
The orbit approximation, treated above, allows the estimation of the exact solution 
for the light travel-time in the sent path between any couple of spacecraft 
belonging to the LISA Constellation.  Considering S/C1 and S/C2: 
0∆t∆t
c
1
sendsendrel2,rel2, =−⋅+⋅ VR                  (5.2.1) 
where: 
 c  is the speed of light [m/s]. 
 12rel2 RRR −=,  is the relative position of S/C2 w.r.t. S/C1 [m/s, m/s, m/s]. 
 12rel2 VVV −=,  is the relative velocity of S/C2 w.r.t. S/C1 [m/s, m/s, m/s]. 
 send∆t  is the light travel time in the send direction [s]. 
The following figure is shown for a better understanding of the position and 
velocity variables, which have been introduced above. 
 
Figure 5.2-1: Relative motion in inertial frame, [8]. 
 
send∆t , is a function of the relative position and velocity of the two considered 
mass points. 
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The equation (5.2.1) can be solved w.r.t. the variable sendt∆  transforming it to the 
following form: 
( ) send2sendii ∆t∆tVR
c
1
=⋅+⋅ ∑                   (5.2.2) 
 
where: 
 iR  are the components of the relative position of S/C2 w.r.t. S/C1 [m]. 
 iV  are the components of the relative velocity of S/C2 w.r.t. S/C1 [m]. 
At this point, it is sufficient to square both terms of the equation (5.2.2) and 
expand them thus obtaining the second grade equation in the unknown 
value send∆t : 
0R∆tVR2∆tcV 2isendii
2
send
22
i =+⋅



⋅⋅+⋅



− ∑∑∑        (5.2.3) 
Obviously the correct light travel time in the sent path has to be equal or greater 
than zero. 
The approximate solution for the light travel time is obtained by comparing the 
small relative S/C velocity w.r.t the speed of light and to the large relative 
distance.  For this reason, equation (5.2.1), can be approximated to the following: 
send
rel2,
∆t
c
=
R
                          (5.2.4) 
By putting the right numbers of the analyzing case, the difference between the two 
solutions is: 
e=0.00000032198532                       (5.2.5) 
The order of magnitude of the other light travel time equations w.r.t. the other 
spacecraft will be the same. In spite of the equation (5.2.4) it is conceptually 
correct to compute the light travel time in the sent path; in the present work the 
equation (5.2.1)  is preferred in order to guarantee  better algorithm accuracy. 
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5.3 Computation of the Reference Directions 
 
In order to ensure that the three satellites, disposed at the vertices of the LISA 
equilateral triangle, interact among each other, the laser beam sent from a 
spacecraft to another must have a certain direction. 
As seen in the previous paragraph, the signal between the two mass points is not 
exchanged simultaneously but only after a certain time equal to send∆t .  The 
reference path of the signal sent from the sending spacecraft at a certain time ( )0t  
has to be directed in such a way as to catch the receiving spacecraft at the 
time ( )send0 ∆tt + .  The reference directions for the sending and receiving course 
can be computed solely based on information about their relative motion. 
Ground must provide the relative velocity vector rel2,V  and the relative position 
vector rel2,R  to the sending spacecraft.  The result is that, any navigation error that 
occurs only in the absolute position and velocity of a spacecraft will be eliminated 
considering the relative navigation solution.  The reference directions can be 
computed as: 



⋅+=
⋅−=
;
;
sendrel2,rel2,send
recrel2,rel2,rec
∆t
∆t
VRR
VRR
                    (5.3.1) 
These two vectors are represented in the following figure: 
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Rrec=R2-R1-V2,rel·∆trec
 
Figure 5.3-1: Geometry for send and receive direction between SC1 and SC2, [8]. 
 
What is represented in Figure 5.3-1 is the point of view of S/C1 looking at S/C2. 
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An observer who is not referred to any of the two considered LISA spacecraft will 
not assume as valid the relations of the equation (5.3.1).  In particular, regarding 
the sending S/C, the observer will not see the direction given by the vector sendR  
but a new one obtained in the following way: 








+=
1
1
send
send
V
V
R
R
R'sendˆ                       (5.3.2) 
and for the receiving S/C: 








−=
2
2
rec
rec'
rec V
V
R
R
Rˆ                        (5.3.3) 
 
 
5.4 Point-Ahead Angle 
 
The PAA is the angle formed by the incoming beam and the direction of the beam 
to be transmitted to the counterpart spacecraft (Figure 5.4-1). 
This angle, in the real case, has a strong variation with the orbital period.  This 
variation is caused by the fact that the triangle formed by the spacecrafts is both 
rotating around its normal axis and, simultaneously, its plane is also rotating 
around the z-axis of the heliocentric J2000 coordinate frame. 
In the studied case of spacecraft with a linear uniform motion, the PAA is still 
varying but this is mainly due to the finite speed of light and to the extended 
interferometer arm. 
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Figure 5.4-1: Point-ahead angle representation, [8] 
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This angle once computed the vectors sendR  and recR can be easily measured in 
the following way [1]: 








×=
rec
rec
send
send
R
R
R
R
T                        (5.4.1) 
( )TarcsinPAA =                         (5.4.2) 
It is important to observe that the PAA is obtained by the inverse formula of the 
vectorial product instead of the one of the scalar product.  The reason is that the 
arcsine, w.r.t. the arccosine, defined in the interval [-pi/2,pi/2] results, as a 
consequence, unambiguous in the range of interest of the PAA, because of its 
trend in the real domain. 
Once this angle is measured, it is possible to define its two components, i.e. the 
in-plane and out-of-plane PAA, considered w.r.t. to the reference plane formed by 
the two outgoing laser beams of the two arms (Figure 5.4-2). 
The incoming laser beam recR  is in general a vector outside this reference plane 
(Figure 5.4-2 only depicts the incoming laser beam on one arm). 
The in-plane PAA for the described laser beam (Figure 5.4-2) is defined by the 
projection of recR  into the reference plane and 1R , while the out-of-plane PAA is 
defined as the angle between recR  and its projection onto the reference plane.  The 
“total” PAA is the angle between recR  and 1R . 
 
Figure 5.4-2: Definition of the reference plane and coordinate frame for in-plane and out-of-plane 
point-ahead angles, [8]. 
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5.5 Scanning Law 
 
Phase number two, described in Chapter 4, in which the laser beam of the sending 
spacecraft is seen by the receiving satellite acquisition sensor, is preceded by a 
scanning phase.  In this stage the, on-board computed, outgoing reference 
direction executes a scanning of the uncertainty cone which needs to be covered 
by the CCD of the receiving satellite during the initial alignment. 
The scanning phase can be realized through different strategies.  What follows 
shows two of them: 
 
1
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Uncertainty
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Spiral  motion Scale  motion
8 7
Laser beam
path
Laser beam
path
 
Figure 5.5-1: Different strategies relative to the scanning phase 
 
The found scanning law was based on the spiral motion strategy in order to have, 
w.r.t. the scale motion one, a better mapping of the uncertainty cone. The chosen 
spiral motion was, in particular, of an Archimedean type [6].  It is analytically 
expressed as follows: 
( )

=
⋅=
tθθ
θρ k
                            (5.5.1) 
where k is a constant and the variables ρ  and θ  are represented in (Figure 5.5-2). 
Therefore, by analysing the various proceeding of all the variables which control 
the spiral motion, two different solutions are illustrated. 
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Figure 5.5-2: Archimedean spiral 
 
In the equations of motion and relations discussed in the next paragraph, the real 
values of the radius of the uncertainty cone (R) and of the laser beam (r) are not 
the center of interest since the discussion is focused on the variables necessary to 
describe the spiral law. 
 
 
5.5.1 Scan with Uniform Tangential Velocity 
 
The following is a discussion of the equation of motion of a laser beam that scans 
the uncertainty cone with a constant tangential velocity. 
The aforementioned request is satisfied by the imposition of particular conditions 
to both variables belonging to relation (5.5.1).  Let us consider the first variable.  
The criterion to follow is that the laser beam circumference following the spiral 
trend, after a round angle, has to become tangent internally to a bigger one. 
Expanding this concept for more than a round angle and mathematically 
expressing it, it is found that: 
 Rounds number           0  1  2  3  N 
 Radius tangent circumference (R)  r  3r 5r 7r (2N+1)r 
After N rounds: 
( ) RrN =⋅+⋅ 12                         (5.5.1.1) 
therefore, the laser beam will almost map the complete circumference of radius 
(R). It must be noted that to map the entire uncertainty cone, the laser beam has to 
follow the spiral path for M=N+1 rounds.  Moreover after N rounds: 
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piN2θN ⋅⋅=                           (5.5.1.2) 
Replacing the N of the equation (5.5.1.1) into the equation (5.5.1.2) and observing 
that: 
rR −=⇒= ρθθ N                        (5.5.1.3)  
it is found from equation (5.5.1) that: 
pi
pi
rk
r
RkrR =⇒





−⋅⋅=− 1)(                  (5.5.1.4) 
the relation which the first variable must satisfy is: 
θ⋅
pi
=ρ r                             (5.5.1.5) 
The condition which the second variable of the relation (5.5.1) must satisfy is: 
tcos
dt
d
==⋅=⋅ aϑρϑρ &                      (5.5.1.6) 
where a has unit equal to 


 ⋅
s
mrad
.  Integrating w.r.t. time (5.5.1.6) and putting 
it into a system with the relation (5.5.1.5), it is obtained the following: 
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          (5.5.1.7) 
The equation (5.5.1.7) together with the relation of (5.5.1.5) gives the correct 
equation of motion of the laser beam during the scanning phase and 







⋅⋅
=
⋅=
r
ta
r
piθ
ϑ
pi
ρ
                         (5.5.1.8) 
this can also be seen with the following figure. 
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Figure 5.5-3: Laser beam spiralling into the uncertainty cone (second behaviour) 
 
Summarizing, the laser beam radius is fixed and the number of the spiral 
necessary to map the entire uncertainty cone is, also, predetermined.  The only 
variables that can play a rule in this phase are those that have been defined as a 
and t.  To scan the complete uncertainty cone: 
( )12fin +⋅⋅= Npiθ                        (5.5.1.9) 
It is therefore written: 
( )
5.0
12 




 ⋅⋅
=+⋅⋅
r
taN pipi                    (5.5.1.10) 
The equation (5.5.1.10) allows the computation of the time necessary to map the 
entire uncertainty cone during the scanning phase once the scan velocity, i.e. a, 
has been chosen, and vice versa, since N and r are, previously said, fixed 
numbers.  
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5.6 Attitude Correction 
 
The real, physical, position of the incoming laser signal on a CCD field of view 
sees an offset from the expected reference position based on ground-provided 
orbit data.  The offset problem is solved with an attitude correction based on two 
vector measurements [2].  In particular, this misalignment can be corrected by re-
orienting the outgoing laser beam directions taking into account considerations 
regarding the incoming ones.  Completed the attitude correction, on each arm, the 
angle between the new, physical, outgoing vector and the reference outgoing one, 
must correspond to the one between the respective incoming vectors.  This is 
guaranteed, by solving the problem with three different conceptually simple but 
numerically tricky methods that are, hereunder, proposed and analyzed.  A fourth 
one is only suggested and briefly discussed.  The right attitude correction criterion 
is represented by the third approach.   
The reference frame used in certain methods adopted to solve the attitude 
correction problem is the Telescope frame, of axes ( )ttt zyx ,, ; the vectors with 
the real subscript refer to the physical signals and those with the ref subscript 
refer to the reference ones based on ground-provided orbit data.  The generic 
incoming and outgoing laser signals are defined respectively as inu  and outu . 
 
 
5.6.1 1st Method 
 
Considering Figure 5.6-1 representative of the situation relative to each arm, the 
first step is to ensure that the physical and reference vectors, representing the 
incoming laser signals, have to be expressed w.r.t. the telescope frame. 
After this, two angles are computed (Figure 5.6-1).  The first one, i.e. β , is 
defined as the angle between u  and its projection onto the reference plane.  The 
second one, i.e. α , is defined by the projection of u  into the reference plane and 
tx . 
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Figure 5.6-1: Incoming and outgoing laser signals on one arm 
 
The angles α  and β  correspond to the In-plane and Out-of-Plane PAA if the 
considering vector u  is the one that represents the incoming reference direction. 
The angles are computed as follows: 











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

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                     (5.6.1.1) 
where ( )zyx ,,  are the components of the generic, physical or reference, vector u , 
expressed w.r.t. the telescope frame.  After calculating the difference between the 
angles components: 



−=
−=
1221
1221
βββ
ααα
                           (5.6.1.2) 
an axis (Figure 5.6-1) coplanar with the reference plane: 
realt uza ×=                           (5.6.1.3) 
At this point, rotating the outgoing reference laser beam, out,refu , around the tz  
axis of the angle 21α  and then around the a  axis of the angle 21β , the corrected 
attitude guidance law is obtained.  In doing so it must be ensured that the vectors 
tz  and a  have to be expressed in the same frame of the vector out,refu . 
The re-alignment of the outgoing signal is simply obtained applying, twice, the 
following [20] rotation matrix (5.6.1.4) to this vector. 
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where ( )3,21 , eee  are the components of the axis around which the rotation must be 
applied and ϕ  represents the rotation angle, i.e. α  or β , depending on the 
rotation taken into consideration. 
Although this method seems to be correct, it crashes numerically because of the 
mathematical operations computed with very small quantities present in the 
rotation matrix.  In particular, the angles 21α  and 21β  have very small values 
(almost zero), considered null from the cosine trigonometric function because of 
its trend for values very near to zero. 
 
 
5.6.2 2nd Method (Variation of the 1st Method) 
 
The following method adopted to solve the attitude correction problem, is simply 
a variant of the first case. 
The angle γ  included between the two incoming vectors is computed and only 
one rotation of the outgoing reference laser signal is executed in order to find the 
outgoing physical laser beam direction. 
The rotary motion is executed around the axis b  (Figure 5.6-2), given by the 
vectorial product between the two incoming vectors, of an angle equal to γ .  In 
this case, it is not necessary to transform the vector coordinates from the inertial 
frame to the telescope frame; the b  vector and angle γ  are calculated as follows: 








×=
real
real
ref
ref
u
u
u
u
b                        (5.6.2.1) 
( )barcsinγ =                          (5.6.2.2) 
Constellation Acquisition Algorithm Description 
                                                                                                                                52 
 
Figure5.6-2: Incoming and outgoing laser signals on one arm 
 
The used rotation matrix is the one of the relation 5.6.1.4 where ( )3,21 , eee , in this 
case, are the components of the b  vector while ϕ  represents the rotation angle γ . 
The solution just showed results to be numerically wrong because of the vectorial 
product executed between the two similar incoming vectors. 
 
 
5.6.3 3rd Method 
 
Because of the numerical difficulties verified in the preceding methods when 
faced with the correction of the attitude problem on each arm, a method that 
would involve the two arms simultaneously is realized.  In particular this 
technique foresees the computation of the In-plane α  and Out-of-Plane β  PAA 
for both of the spacecraft arms.  These angles are represented in (Figure 5.6-3) 
where are also shown, with the red colour, the two vectors that correspond to the 
two physical incoming laser signals. 
The procedure to compute the angles α  and β  for each spacecraft arm is the one 
already shown in the Section 5.4. 
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Figure 5.6-3: PAA and physical incoming signals representation for both arms of the S/C 
 
Therefore, the calculation is computed by using of the following procedure: 
 The normal vector n  perpendicular to the plane which forms with the 
vector 1in,realu  the Out-of-Plane PAA 1β , and with the vector 2in,realu  the 
Out-of-Plane PAA 2β  (Figure 5.6-4). 
 
Figure 5.6-4: Representation of the new plane of normal n (to be calculated) 
 
The normal vector was calculated with the following linear system: 

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                       (5.6.3.1) 
where: 
 11in,real ru = ; 
 22in,real ru = ; 
 
Tr  is the vector r  transposed; 
 ( )321 ,, nnn  are the components of n ; 
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 n , 1β  and 2β  were already defined.  
The modules of n , 1r  and 2r  are unitary.  The third equation of the relation 
(5.6.3.1) was chosen in order to ensure that the denominator of the three 
components of n  was always different from the zero value. 
Choosing 11 =n  and expanding the relation (5.6.3.1): 
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it is obtained and, after various passages, the solution is: 
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The vectorial product between n  and each of the two vectors, i.e. right and left is 
now computed, representing the physical incoming signals in order to calculate 
two axes around which the vectors 1in,realu and 2in,realu   must be turned respectively 
of the quantity equal to the Out-of-Plane PAA 1β  and 2β .  The intermediate 
vectors, found in this way, will be indicated as ' 1in,realu  and 
'
2in,realu .  The second 
rotation is applied turning the vectors ' 1in,realu  and 
'
2in,realu , around the axis n , 
respectively of the angles 1α  and 2α  (Figure 5.6-5). 
 
 
Figure 5.6-5: Vectors involved in the attitude correction (Arm 1) 
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With this last turn  two vectors are found which represent the physical outgoing 
laser signals necessary to solve the attitude correction problem; it must be 
specified that this is executed only once for each single  spacecraft arm. 
Therefore two reference frames are considered, one constituted by the reference 
laser vectors ( )111 ,, zyx  and the other formed by the physical laser vectors 
( )222 ,, zyx .  The situation is shown in (Figure 5.6-6) where for the sake of clarity 
only one arm is represented. 
 
 
Figure 5.6-6: Orientation of the “reference” frame (blue) w.r.t the “physical” one (red) (Arm 1)  
 
To make the nomenclature used in Figure 5.6-6 consistent with the 
aforementioned one, it is defined for the reference laser vectors: 
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and for the physical laser vectors: 
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The axis components of these two reference frames define two matrices, one, IRM  
formed by the components of the physical laser signals and the other, IAM  
constituted by the components of the reference laser signals. 
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At this point the following matrix product is executed: 
IARI∆ MMR ⋅=                         (5.6.3.8) 
where RIM  is the transpose matrix of IRM  and ∆R  represents the existing 
rotation matrix between the “reference” and the “physical” frames.  This matrix is 
maintained constant and through the relation: 
[ ]{ } ( ) 11corr t xTxMRMx corrIA∆IA ⋅=⋅⋅⋅= ,             (5.5.3.9) 
where 1x  is the outgoing reference signal, it allows the computation of the 
outgoing physical signal necessary for the corrected attitude guidance law. 
 
 
5.6.4 4th Method 
 
The method herewith proposed is a very simple one.  It involves the use of cones 
and can be applied to one spacecraft arm at a time independently from the other. 
The new outgoing laser beam direction, i.e. the physical one, must form with the 
corresponding (physical) incoming one an angle equal to the PAA and, w.r.t. the 
outgoing reference laser beam direction, an angle ( )θ  equal to that measured 
between the two incoming laser beam directions, i.e. the physical one and the 
reference one. 
 
Figure 5.6-7: Graphic representation of the fourth method  
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Based on this, considering a cone of axis constituted by the physical incoming 
laser beam direction and with the coning angle equal to the PAA and intersecting 
it with a cone of axis formed by the reference outgoing laser beam direction and 
angular aperture equal to θ , one or two intersections can be found. 
The intersections found are vectors and one of them corresponds to the outgoing 
physical laser beam direction in so far unknown. 
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Chapter 6 
 
 
6. Physical Arm Model Description 
 
The equations, at the basis of the simulator, described until now, are constituted 
by algorithmic variables easily obtained through analytic relations like those 
represented in the various paragraphs of Chapter 5. 
Apart from these, there are some equations composed of real variables.  These 
variables are introduced to make the calculation model more realistic and to verify 
its exact function. 
The method used to obtain these variables and the way in which they are related 
to the preceding ones is discussed. 
The algorithmic variable has an estimated value; the physical variable has the 
exact one. 
 
 
6.1 Physical Variables 
 
The physical variables differ slightly in practice from the related algorithmic ones, 
herewith treated.  In the reference laser beam directions, the aforementioned 
contributions called alignment errors have to be added in order to obtain the 
corresponding physical variables: 
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realalignmentlga rer =+                         (6.1.1) 
The role of these alignment errors is to make these real variables as realistic as 
possible. 
The difference between the algorithmic and the physical variables is also noticed 
regarding the positions and velocities of the spacecraft orbits.  In fact, in the 
model calculation, the real spacecraft orbits of the LISA Constellation could be 
considered as well as the approximated ones treated until now. 
By implementing the discussed physical variables, the calculation accuracy of the 
simulator is improved.  This was not compatible with the timeframe of this work, 
during which, most of the variables implemented in the simulator were the 
algorithmic ones, discussed in Section 5. 
The only considered physical variable is due to the computation of the exact light 
travel time along the path among the three satellites.   
 
 
6.2 Light Travel Time 
 
The computation of the exact light travel time, introduced in Section 5, is also 
used in order to represent the delay time that a laser beam sent from a S/C needs 
to reach the opposite one.  Therefore, the equation treated in Section 5: 
0∆t∆t
c
1
sendsendrel2,rel2, =−⋅+⋅ VR                  (5.2.1) 
is implemented (Figure 6.2-1) in the part of the simulator representing the generic 
spacecraft arm (explained in Section 7). 
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Figure 6.2-1: Arm model 
 
The resulting time does not care about any relativistic aspects because they can be 
neglected for the reasons treated in Section 3.  It is also calculated considering 
relative quantities in order to avoid relativistic effects and navigation errors.  In 
this figure, it is clearly showed that the considering time creates a delay of all the 
signals going from a S/C to another; these represent the information enclosed in 
the sending laser beam. 
 
 
6.3 Interpolation 
 
The only physical variable taken into consideration generates a delay of the vector 
representing the direction of the laser beam exchanged between the spacecraft.  
This delay is equal to the solution of the equation 5.2.1 that represents the time in 
which the laser beam, supposed as an expanding sphere travelling at the light 
velocity and with the center corresponding to the sending spacecraft, from a 
spacecraft is sent to another. 
It is important to say that this delay it is discretized with a certain simulation step 
(see Chapter 7).  As a consequence, the receiving laser beam signal corresponding 
to the time: 
sendsentcsim ttt ∆+= ,                         (6.3.1) 
where 
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 sentct ,   is the time at which the laser beam signal was sent by the sending 
spacecraft 
 send∆t    is the time which is solution of the (equation 5.2.1) 
does not correspond with the one referred to the “current time”, i.e. ( )ct , in which 
the spacecraft really sees the receiving laser beam signal.  In order to explain the 
concept just discussed, it is shown the (Figure 6.3-1) in which it is illustrated only 
the situation between SC1 and SC2: 
 
Figure 6.3-1: Instants involved in the discussing interpolation concept   
 
Therefore it was done a linear interpolation in order to compute the exact 
directions from which the receiving spacecraft sees the laser beam signals.  The 
times involved in the interpolation were: 
1) ctt =  which is the current time. 
2) sendsentc ttt ∆+= ,  which is the time at a certain simulation step. 
3) sendsentc ttt ∆+= ,  which is the time considered at point 2) but at the 
preceding simulation step. 
Since that a linear interpolation was used, the components, i.e. ( )333 cba ,, , of the 
direction ( )ctr  from which a receiving spacecraft sees the laser beam signal at 
( )ct  were computed through the following relation: 
Physical Arm Model Description 
                                                                                                                                62 
( )
( )
( )









−
⋅−⋅
+⋅
−
−
=
−
⋅−⋅
+⋅
−
−
=
−
⋅−⋅
+⋅
−
−
=
13
2113
2
13
12
3
13
2113
2
13
12
3
13
2113
2
13
12
3
dd
cdcdd
dd
cc
c
dd
bdbdd
dd
bbb
dd
adadd
dd
aa
a
                (6.3.2) 
where 
 sendsentcsim1 tttd ∆+== , ; 
 csim2 ttd == ; 
 sendsentcsim3 tttd ∆+== , ; 
 ( )111 cba ,,=r  are the components of the laser beam vector computed at 
time ( )1d ; 
 ( )222 cba ,,=r  are the components of the laser beam vector computed at 
time ( )3d ; 
The (Figure 6.3-2) shows the interpolating points:  
 
Figure 6.3-2: Interpolating points 
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Chapter 7 
 
 
7. Simulator Description and Results 
 
After having analyzed, in the Second Part of this work, the various equations at 
the basis of the simulator, accurately distinguishing their physical and algorithmic 
variables, the way and the environment in which they have been simulated is 
described. 
In this chapter the simulator representing the Acquisition Phase and the related 
results are examined. 
 
 
7.1 Simulator Layout 
 
The simulation of the equations at the basis of the guidance algorithm, which 
describes the LISA Acquisition Constellation Phase, confirms the possible 
consistency of the analytic relations and gives an idea of the duration of the entire 
phase. 
The simulation configuration parameters were chosen according to the problem to 
be simulated and to its respective equations.  In particular, an Ode5 (Dormand-
Prince) solver with a Fixed-Step size equal to 0.1 was used. 
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Figure 7.1-1: Simulator layout 
Simulator Description and Results 
                                                                                                                                66 
The structure of the simulator is shown in (Figure 7.1-1) where its layout is 
represented.  It is important to look at the way in which the lines among the three 
spacecraft are connected.  They have been indicated by the terminology, i.e. right 
and left, from an observer referred to each spacecraft.  Intuitively it is noted that 
the simulator presents certain symmetries between the opposite arms of two 
different spacecrafts. 
The (Figure 7.1-1) also shows a block, on each connecting line, which represents 
the Arm of the Spacecraft.. 
The sub-blocks positioned into each spacecraft represented in (Figure 7.1-1) are 
all the same.  Therefore, in the following description, only one of the three 
spacecrafts blocks is considered, i.e. SC1, and w.r.t. this spacecraft, the one on its 
left arm, i.e. SC2, and the one on its right arm, i.e. SC3 are defined. 
The (Figure 7.1-2) illustrates the blocks contained in each of the spacecraft 
represented in (Figure 7.1-1). 
The part of the simulator configuration represented in (Figure 7.1-2) could be 
ideally divided in two parts: 
 Algorithmic 
 Physical 
The former includes the block named “Algorithmic Model” that gives information 
mainly about estimated signals coming from the relations of the guidance 
algorithm examined in Chapter 5.  The latter comprises all the other three blocks 
of the (Figure 7.1-2). 
In the last figure, the “Attitude Control” block is missing, because this work only 
concentrates on the attitude guidance required during the acquisition and not on 
the controller design. 
In the following, each of the blocks represented in (Figure 7.1-2) is described, and 
in addition the one indicating the Arm of the Spacecraft that, as a consequence, 
belongs to the physical part of the structure of the simulator. 
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Figure 7.1-2: Main blocks present on each spacecraft  
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7.1.1 Environment 
 
This simulator block contains only information given by the arms of the two 
sending spacecraft positioned to the right and to the left of the one taken into 
consideration.  In particular the signals concerning the positions and velocities of 
the other two sending spacecraft are given, as well as the directions of the laser 
beams sent by them and finally the signals containing information about time.  In 
reality this information is given through the laser of the sending spacecraft after 
the receiving spacecraft sees it. 
Taken into consideration the basic version of the simulator, in this block all the 
signals regarding contributions of solar pressure and gravitational attraction of the 
Earth, the Sun and the Moon are absent. 
 
 
7.1.2 Sensor Model  
 
The sensor model contains two blocks representative of the two acquisition 
sensors CCD which are necessary to accomplish the initial acquisition of the 
incoming laser beams from the remote spacecraft.  Into each CCD block, i.e. the 
right and the left one, an interpolation (Section 6.2) is made in order to compute 
the value of the receiving laser beam direction at the same time in which the 
sending one is computed.  The angle formed by the two abovementioned vectors 
is thus computed. If the calculated angle results to be less than the uncertainty 
cone one (equal to 155 µrad), the incoming laser beam is detected. 
 
 
7.1.3 Algorithmic Model 
 
The block called Algorithmic Model is formed by three main sub-blocks.  The first 
contains information about the estimated orbits of the three spacecraft; the second 
includes the signals that allow the computation of the sending/receiving estimated 
laser beam directions on the right and on the left side, the scanning law and the 
necessary light travel times along the paths between the moving spacecraft.  
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Finally, the third sub-block regards the spacecraft’s attitude.  After showing the 
following diagram: 
 
Figure 7.1-3: Algorithmic model block representation 
the aforesaid sub-blocks are accurately described. 
 
Spacecrafts Estimated Orbits 
It contains only the estimated velocities, supposed constants, and initial positions 
of the spacecrafts.  Elaborating these approximated signals, the estimated orbit of 
each S/C is given by a linear uniform motion. 
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Algorithm 
It is formed by three blocks.  Block 1 contains the signals of the orbits and the 
 
Figure 7.1-4: Algorithm block representation 
 
constant velocities of the considering S/C and of the S/C positioned to its left.  
With these inputs, Block 1 computes the estimated sending/receiving laser beams 
directions, the PAA and the exact light travel time w.r.t the left arm of the 
spacecraft discussed.  Block 2 contains the same inputs and outputs of Block 1 but 
all the signals considered are referred to the right side of the abovementioned 
spacecraft.  Block 3, considering as inputs the two estimated sending laser beams 
directions, computes the scanning law for sending laser beams on both sides. 
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Attitude 
Inside the attitude block five sub-blocks are positioned, whose relevant signals are 
analyzed.  In Block 1 inputs come from the Algorithm and the Sensor Model 
blocks.  It computes the left and right constant rotation matrices and multiplies 
them by the respective sending laser beam directions to obtain the new corrected 
ones. 
 
Figure 7.1-5: Attitude block representation 
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In Block 2, these new directions are expressed w.r.t. an observer referred to the 
inertial frame (Sun).  Therefore, the modified directions are used to compute the 
transformation matrices between: 
 The inertial frame and the telescope frame (Block 3). 
 The telescope frame and the body frame (Block 4). 
The two matrices are needed to compute in Block 5 the quaternions of the 
spacecrafts in order to have the spacecraft orientation w.r.t. the inertial frame. 
 
 
7.1.4 Spacecraft’s Dynamic 
 
It includes the computation of the Euler angles of the S/C.  These are calculated 
by transforming the quaternions into a certain rotation matrix and this in turn to 
the Euler angles. 
A sequential law is expressed that fixes the order in which the spacecraft laser 
beam must be turned on. 
A block was positioned which should have contained the real orbit of the 
considered S/C. On the contrary, what is analysed here, is the estimated one which 
satisfies the need to find the exact attitude guidance. 
All the signals, discussed in this paragraph, are gathered into two single signals, 
i.e. a left and a right one, which are respectively the inputs of the right and the left 
arms of the spacecraft. 
 
 
7.1.5 Spacecraft’s Arm 
 
The Sending Arm block, which belongs to the physical part of the simulator, only 
includes the signals that must be sent from one S/C to another.  These are sent 
with a certain delay time, called sendt  in the Arm block, solution of the Equation 
5.1.1, which depends on the relative motion of the discussed couple of S/C. 
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7.2 Simulator Configurations and Results 
 
The simulator can be examined at three different configurations: 
 Basic configuration (without attitude correction)  
 Scanning configuration (without attitude correction) 
 Changing orbits configuration (with attitude correction) 
Obviously, the last configuration is realistic because it actually simulates the 
complete Acquisition Constellation Phase problem.  Unfortunately, it was not 
simulated because of problems encountered which could not be solved within the 
timeframe of the thesis. 
Now each configuration is described and the relative results are shown.  The plots 
showed hereunder regard variables whose trend allows one to understand the 
exact implementation of the analysed equations in the simulator.  The algorithmic 
and real values denominations have the same meaning as the one given in Section 
5.6.  A signal with an algorithmic value is related to a reference one based on 
ground-provided orbit data; in the simulator these signals can be distinguished 
from all the others because of the subscript ctrl and because of a dark green 
colour.  A real value signal refers to a physical signal.  The examined simulation 
time was set to 1000 seconds.  Although this time is less than that necessary to 
complete the Acquisition Constellation Phase, it is sufficient to detect possible 
simulation errors and to see if the implemented equations give the expected 
patterns. 
 
 
7.2.1 Basic Configuration 
 
In this configuration the LISA Acquisition Phase was implemented at a very 
simple level.  Here only the estimated orbits of the spacecraft are considered, in 
fact the block concerning them, placed in the Algorithm Model block, corresponds 
to that regarding the real orbits positioned in the Spacecraft Dynamic block.  This 
is the reason why, in the implemented simulator, a generic receiving S/C sees the 
laser beam from the related sending S/C almost immediately. 
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No attitude correction was simulated; only the sending and receiving laser beams, 
from a S/C to another, in a certain light travel time, were implemented in the 
following configuration.  Therefore, by plotting some variables related to these 
beam signals and by analysing their pattern, the basic simulator consistency is 
guaranteed.   
The following plots refer to the PAA parameter.  The angle values for S/C1 are: 
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Figure 7.2-1: PAA on both S/C1 arms 
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The angle values for S/C2 are: 
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Figure 7.2-2: PAA on both S/C2 arms 
 
The angle values for S/C3 are: 
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Figure 7.2-3: PAA on both S/C3 arms 
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The trends and values present in the plots concerning the PAA variable on each 
arm of the three LISA S/C correspond to the expected ones.  This confirms the 
correct orientation and direction of the reference laser beams w.r.t. to one another.  
The PAA signal is an on-board computed signal, available, as a consequence, 
from the beginning of the simulation.  Another aspect to highlight is that the PAA 
plots confirm what was said about symmetries in Section 7.1, in fact, the angular 
values found on the side of a generic S/C are equal to those on the opposite side of 
a different S/C.   
The abovementioned plots do not give any information about the actual hit of a 
receiving S/C from a sending laser beam.  This is shown in the following figures 
representing the laser beam signal seen from the field of views on each arm of the 
three spacecraft. 
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Figure 7.2-4: Sensor field of view for both S/C1 arms (attitude correction absent) 
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Figure 7.2-5: Sensor field of view for both S/C2 arms (attitude correction absent) 
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Figure 7.2-6: Sensor field of view for both S/C3 arms (attitude correction absent) 
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The field of view of a generic spacecraft allows one to understand the precision 
with which a certain laser beam hits the corresponding S/C.  The three last figures 
confirm the accuracy of the guidance algorithm implemented in the simulator 
seeing that sending laser beams hit the corresponding receiving S/C with the 
precision required. 
 
 
7.2.2 Scanning Configuration 
 
This configuration differs from the previous one only because of the presence of 
the scanning of the sending laser beams in the simulator.  The scanning 
manoeuvre regards only the laser beam of certain S/C arm.  This is due to a 
criteria which establish a ranking of the three S/C  w.r.t. the sending of a laser 
beam.  In this case, the scanning manoeuvre is done by: 
 The laser beam going from S/C1 to S/C3 
 The laser beam going from S/C1 to S/C2  
 The laser beam going from S/C2 to S/C3 
The lasers on the other arms normally shoot in the expected direction once 
received the respective scanning one.  With reference to the above discussion, the 
field of view plots on each S/C arm are shown in the following. 
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Figure 7.2-7: Sensor field of view for both S/C1 arms (scanning on, attitude correction absent) 
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Figure7.2-8: Sensor field of view for both S/C2 arms (scanning on, attitude correction absent) 
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Figure7.2-9: Sensor field of view for both S/C3 arms (scanning on, attitude correction absent) 
 
Of course the scanning manoeuvre is seen only on the expected fields of view.  
The represented plots demonstrate that the implemented scanning law works; it 
can be seen that, in the scanning plots, after a while, the spiral trend stops and the 
signal converges, according to its normal trend after the spiral motion. The 
represented angles in the scanning case are in the range of 10-6 rad instead of 10-14 
rad because the parameter related to the scan velocity (called “a” in Section 
5.5.1) was set to a value equal to 61052 −⋅.  in order to see the spiral trend as 
clearly as possible. 
 
 
7.2.3 Changing Orbits Configuration 
 
The Changing Orbits Configuration corresponds to the most realistic case that can 
be implemented to represent the LISA Acquisition Phase.  It is characterized by 
the presence, in the simulator, of a block dedicated to the real S/C orbit.  Before 
discussing the following configuration, some signals connected to the attitude 
correction issue must be analyzed by means of some plots.  The Basic 
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Configuration is taken as a reference and is slightly modified by the attitude 
correction.  Particular attention must be paid to the plots which represent the angle 
between the real, physical, incoming and outgoing laser beam directions on each 
S/C arm. 
The angle values for S/C1 are: 
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Figure 7.2-10: Real values on both S/C1 arms 
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The angle values for S/C2 are: 
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Figure 7.2-11: Real values on both S/C2 arms 
 
The angle values for S/C3 are: 
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Figure 7.2-12: Real values on both S/C3 arms 
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These angles are computed after the attitude correction has been executed.  The 
angle values are absent for a certain varying time at the beginning of the 
simulation.  This is due to the missing simultaneousness of the spacecraft sending 
laser beams, to a sequential criterion followed by them and to the light travel time 
in the sent path.  The sequence consists in: 
 Turn on both S/C1 laser beams.  S/C2 and S/C3 are waiting for a signal. 
 S/C2 turns on its laser beams upon reception of a signal from S/C1.  S/C3 
receives a signal from S/C1 but still waits. 
 S/C3 turns on its laser upon reception of a signal from S/C2. 
The agreement between the PAA trend and the real angle one confirms that the 
angle values involved in the attitude correction, as it must be, are the same as the 
PAA ones.  Unfortunately this observation does not guarantee that the attitude 
correction is correct.  This can be done with the sensor field of view plots related 
to each S/C arm. 
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Figure 7.2-13: Sensor field of view for both S/C1 arms (attitude correction included) 
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Figure 7.2-14: Sensor field of view for both S/C2 arms (attitude correction included) 
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Figure 7.2-15: Sensor field of view for both S/C3 arms (attitude correction included) 
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The signal in the last three figures apparently is not converging.  This is also seen, 
if a comparison is made with the corresponding figures, previously shown in the 
Basic Configuration, which do not include the attitude correction.  The problem 
can be related to the very small plots scale which could represent an initial jump 
of the signal; in general, it is connected to the way in which the simulator was 
structured.  The attitude correction issue was not part of the scenario analysed in 
this thesis.  Therefore, the problem encountered in this brief analysis could not be 
solved in the timeframe of this work.  As a consequence, the changing orbits 
configuration was not taken into consideration. 
In the following, it is showed an overall diagram in which it is clarified the 
scenario satisfied by this work. 
 
 
 
Figure 7.2-16: Overall picture showing the treated work. 
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Chapter 8 
 
 
8. Summary and Outlook 
 
 
8.1 Conclusions 
 
The limit of the small velocities regarding the three LISA satellites purportedly 
moving with a linear uniform motion is applied.  Considering, therefore, possible 
transformations among the inertial reference frames, referred to the three 
satellites, the Galileo ones are taken into consideration and the Lorentz ones are 
automatically neglected. 
After all the reference frames have been fixed, various relations necessary to 
describe all the stages of the Acquisition phase are developed.  The most 
important relations are, here, enunciated and regard the exact solution for the light 
travel-time in the sent path and the computation of the reference directions.  These 
relations are obtained with simple considerations about the relative motion of the 
three satellites of the Constellation. 
An approximation of the S/C orbit during the Acquisition phase was done; in 
particular, a linear uniform motion instead of an almost circular one was 
considered, after evaluating the error made with this approximation. 
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The law that describes the spiral motion of the laser beam during the scanning 
manoeuvre is treated; its trend is opportunely adjustable through the manipulation 
of certain parameters present in the equation of motion. 
The calculation algorithm necessary for the attitude correction stage during the 
Acquisition phase is described.  These are the major arguments examined in this 
work, although many others have been treated in Chapters 5 and 6. 
These calculation algorithm relations were implemented in a suitable simulator.  
The simulator was divided into three configurations two of which were simulated 
in order to examine the trends of the relevant quantities. 
In particular, for each configuration, the plots concerning the variation of the PAA 
with the time and those about the sensor field of view for each S/C arm were 
analyzed. 
 
 
8.2 Future improvements  
 
A first version of the simulator of the guidance during the Acquisition phase is 
developed; the simulator, as a consequence, can evolve in many directions. 
In the imminent future: 
 It must be verified if there is an easier way to perform the acquisition of 
the third arm by using the knowledge obtained during the acquisition of 
the first two arms in terms of the required correction of the ground-
provided navigation data.   
 The performance of a fine attitude correction could surely be attempted 
thus further correcting the attitude until a signal can be received on the 
QPD. 
 A frequency scan can be performed by the phasameter before the laser 
beams can be turned on and the highly accurate inertial wavefront sensing 
is available. 
 The problems encountered during the implementation of the attitude 
correction relations in the simulator must be solved, in order to work on 
and complete the Changing Orbits Configuration by representing the 
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configuration which simulates the complete guidance during the 
Acquisition phase.  
These aforesaid points would complete the Acquisition phase that, along with a 
further detailed description of the Control During Science Mode would complete 
the entire LISA DFACS. 
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